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A COHOMOLOGICAL OBSTRUCTION TO THE
EXISTENCE OF COMPACT CLIFFORD–KLEIN FORMS
YOSUKE MORITA
Abstract. In this paper, we continue the study of the existence prob-
lem of compact Clifford–Klein forms from a cohomological point of
view, which was initiated by Kobayashi–Ono and extended by Benoist–
Labourie and the author. We give an obstruction to the existence
of compact Clifford–Klein forms by relating a natural homomorphism
from relative Lie algebra cohomology to de Rham cohomology with an
upper-bound estimate for cohomological dimensions of discontinuous
groups. From this obstruction, we derive some examples, e.g. SO0(p+
r, q)/(SO0(p, q)×SO(r)) (p, q, r ≥ 1, q : odd) and SL(p+ q,C)/SU(p, q)
(p, q ≥ 1), of a homogeneous space that does not admit a compact
Clifford–Klein form. To construct these examples, we apply H. Cartan’s
theorem on relative Lie algebra cohomology of reductive pairs and the
theory of ε-families of semisimple symmetric pairs.
1. Introduction
1.1. The existence problem of compact Clifford–Klein forms. A
Clifford–Klein form is a double coset space Γ\G/H, where G is a Lie group,
H a closed subgroup of G, and Γ a discrete subgroup of G acting properly
and freely on G/H. It admits a natural structure of a manifold locally mod-
elled on G/H. If Γ\G/H is a Clifford–Klein form, a discrete subgroup Γ of
G is called a discontinuous group for G/H.
It is one of the central open problems in the study of Clifford–Klein
forms to determine all homogeneous spaces admitting compact Clifford–
Klein forms. In the last three decades, this problem attracted consider-
able attention, and a number of obstructions to the existence of compact
Clifford–Klein forms were found. Some of these obstructions are based on a
homomorphism
η : H•(g, h;R)→ H•(Γ\G/H;R) (g = Lie(G), h = Lie(H)),
which imposes a restriction on cohomology of compact Clifford–Klein forms
([19], [15], [2], [25], [26]). In this paper, we give a new obstruction arising
from this homomorphism.
1.2. Main result. The main result of this paper is as follows:
Theorem 1.1. Let G be a connected linear Lie group and H its connected
closed subgroup. Assume that HN (g, h;R) 6= 0 (N = dimG − dimH). Let
KH be a maximal compact subgroup of H and TH a maximal torus of KH .
Let I• =
⊕
n∈N I
n be the graded ideal of H•(g, tH ;R) generated by⊕
C, p
im(i : Hp(g, c;R)→ Hp(g, tH ;R)),
1
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where the direct sum runs all connected compact subgroups C of G containing
TH and all p > N + dimKH − dimC. If
im(i : HN (g, h;R)→ HN (g, tH ;R)) ⊂ IN
holds, G/H does not admit a compact Clifford–Klein form.
Remark 1.2. We do not know if Theorem 1.1 applies to a more general
case of manifolds locally modelled on G/H.
The key to the proof of Theorem 1.1 is an upper-bound estimate for
cohomological dimensions of discontinuous groups (Lemma 2.2), which was
established by Kobayashi [15] in the reductive case. It imposes another
restriction on cohomology of Clifford–Klein forms. We prove Theorem 1.1
by linking these two restrictions.
Remark 1.3. In [17], Kobayashi gave an obstruction to the existence of
compact Clifford–Klein forms by combining the estimate for cohomologi-
cal dimensions with the criterion for proper actions. As far as the author
understands, his and our obstructions do not include each other.
1.3. New examples of a homogeneous space without compact
Clifford–Klein forms. Theorem 1.1 provides some new examples of a ho-
mogeneous space that does not admit a compact Clifford–Klein form. For
example, an irreducible symmetric space G/H does not have a compact
Clifford–Klein form if the corresponding symmetric pair (g, h) is as in Ta-
ble 1 (see Corollaries 6.1, 6.2 and 6.5):
g h Conditions
sl(p+ q,C) su(p, q) p, q ≥ 1
sl(p+ q,R) so(p, q) p, q ≥ 1
sl(p+ q,H) sp(p, q) p, q ≥ 1
so(p+ q,C) so(p, q) p, q ≥ 2, (p, q) 6= (2, 2)
so(2n+ 1,C) so(2n, 1) n ≥ 1
so(2n,C) so∗(2n) n ≥ 3
so(p+ r, q) so(p, q)⊕ so(r) p, q, r ≥ 1, q : odd
sp(p+ q,C) sp(p, q) p, q ≥ 1
e6,C e6(−14) —
e6(6) sp(2, 2) —
e7,C e7(−5) —
e7,C e7(−25) —
e8,C e8(−24) —
f4,C f4(−20) —
Table 1. Irreducible symmetric spaces without compact
Clifford–Klein forms
In particular, the nonexistence of a compact Clifford–Klein form of
SO0(p+ 1, q)/SO0(p, q) (p, q ≥ 1, q : odd)
is rephrased as:
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Corollary 1.4. If p, q ≥ 1 and q is odd, then there does not exist a com-
pact complete pseudo-Riemannian manifold of signature (p, q) with constant
positive sectional curvature.
We also obtain some nonsymmetric examples: for example,
SL(n,R)/SL(m,R) (n > m ≥ 2, m : even)
does not admit a compact Clifford–Klein form (see Corollary 6.6).
Remark 1.5. While the author is preparing this manuscript, Tholozan
[37] announced the nonexistence of compact Clifford–Klein forms of some
homogeneous spaces, such as
(1) SO0(p + r, q)/SO0(p, q) (p, q, r ≥ 1, q : odd),
(2) SL(n,R)/SL(m,R) (n > m ≥ 2, m : even),
(3) SL(p+ q,R)/SO0(p, q) (p, q ≥ 1, p+ q : odd),
(4) SO(n,C)/SO(m,C) (n > m ≥ 2, m : even),
(5) SO(p+ q,C)/SO0(p, q) (p, q ≥ 1, p+ q : odd),
Our results are sharper for (3), (5) and the same for (1)–(2), (4). Actually,
(4) had been proved by earlier methods [17], [25] too, as well as some special
cases of (1)–(3), (5) as below.
Remark 1.6. We mention some related nonexistence results which can be
obtained by previously known methods:
• Calabi–Markus [7], Wolf [38], [39], Kobayashi [15]: The follow-
ing homogeneous spaces do not admit infinite discontinuous groups.
In particular, they do not admit compact Clifford–Klein forms:
– SO(p+ q,C)/SO0(p, q) (p, q ≥ 1, |p− q| ≤ 1),
– SO0(p + r, q + s)/(SO0(p, q)× SO0(r, s))
(p ≥ q ≥ 1, r ≥ s ≥ 0, (r, s) 6= (0, 0)).
• Kulkarni [21]: A homogeneous space
– SO0(p + 1, q)/SO0(p, q) (p, q ≥ 1, p, q : odd)
does not admit a compact Clifford–Klein form.
• Kobayashi [16], [17], [18]: The following homogeneous spaces do
not admit compact Clifford–Klein forms:
– SL(2p,C)/SU(p, p) (p ≥ 1),
– SL(2p,R)/SO0(p, p) (p ≥ 1),
– SO0(p + r, q + s)/(SO0(p, q)× SO0(r, s)) (p, q, r, s ≥ 1),
– SO0(p + r, q)/(SO0(p, q)× SO(r)) (p+ r > q ≥ 1),
– SL(n,R)/SL(m,R) (n > 3[(m+ 1)/2], m ≥ 2).
• Zimmer [40], Labourie–Mozes–Zimmer [22], Labourie–
Zimmer [23]: A homogeneous space
– SL(n,R)/SL(m,R) (n− 3 ≥ m ≥ 2)
does not admit a compact Clifford–Klein form. If, in addition, n ≥
2m, there does not exist a compact manifold locally modelled on this
homogeneous space.
• Shalom [35]: A homogeneous space
– SL(n,R)/SL(2,R) (n ≥ 4)
does not admit a compact Clifford–Klein form.
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• Margulis [24], Oh [28]: Let αn : SL(2,R) → SL(n,R) denote the
real n-dimensional irreducible representation of SL(2,R). Then, a
homogeneous space
– SL(n,R)/αn(SL(2,R)) (n ≥ 4)
does not admit a compact Clifford–Klein form.
• Benoist [1], Okuda [29]: The following homogeneous spaces do
not admit non-virtually abelian discontinuous groups. In particular,
they do not admit compact Clifford–Klein forms:
– SL(p+ q,C)/SU(p, q) (p, q ≥ 1, |p− q| ≤ 1),
– SL(p+ q,R)/SO0(p, q) (p, q ≥ 1, |p− q| ≤ 1),
– SL(p+ q,H)/Sp(p, q) (p, q ≥ 1, |p − q| ≤ 1),
– SO(4p + 2,C)/SO0(2p+ 2, 2p) (p ≥ 1),
– SO0(p + q + 1, p + q + 1)/(SO0(p + 1, p)× SO0(q, q + 1))
(p ≥ 1, q ≥ 0, p+ q : even),
– SL(m+ 1,R)/SL(m,R) (m ≥ 2, m : even).
• Kobayashi–Ono [19], Kobayashi [15], Benoist–Labourie [2],
Morita [25], [26]: There do not exist compact manifolds locally
modelled on the following homogeneous spaces. In particular, they
do not admit compact Clifford–Klein forms:
– SL(p+ q,R)/SO0(p, q) (p, q ≥ 1, p, q : odd),
– SO0(p + r, q + s)/(SO0(p, q)× SO0(r, s))
(p, q, r ≥ 1, s ≥ 0, p, q : odd).
Remark 1.7. Now we mention some homogeneous spaces admitting com-
pact Clifford–Klein forms:
• Borel–Harish-Chandra [5], Mostow–Tamagawa [27], Borel
[3]: Every Riemannian symmetric space G/K admits a compact
Clifford–Klein form.
• Kulkarni [21], Kobayashi [16], [18], Kobayashi–Yoshino [20]:
The following homogeneous spaces admit compact Clifford–Klein
forms.
– SO(8,C)/SO0(7, 1),
– SO0(p + r, q)/(SO0(p, q)× SO(r))
((p, q, r) = (1, 2n, 1), (3, 4n, 1), (1, 4, 2), (1, 4, 3), (7, 8, 1), n ≥ 1).
1.4. Outline of the paper. In Section 2, we recall some basic facts on co-
homology of Clifford–Klein forms, including the upper-bound estimate for
cohomological dimensions of discontinuous groups and the definition of the
homomorphism η from relative Lie algebra cohomology to de Rham coho-
mology. The proof of Theorem 1.1 is given in Section 3. The rest of the
paper is devoted to construct examples of a homogeneous space to which
Theorem 1.1 is applicable. In Section 4, we apply H. Cartan’s theorem [8]
on relative Lie algebra cohomology of reductive pairs to Theorem 1.1. We
shall see that, if G/H is a homogeneous space of reductive type satisfying
some invariant-theoretic condition, then Theorem 1.1 is applicable to G/H.
In Section 5, we give a way to construct semisimple symmetric spaces satis-
fying the condition obtained in Section 4 by using the theory of ε-families,
established by Oshima–Sekiguchi [32]. Finally, in Section 6, we give ex-
amples of a homogeneous space without compact Clifford–Klein forms by
applying the results in Sections 4 and 5.
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2. Preliminaries for the proof of Theorem 1.1
We recall some basic facts on cohomology of Clifford–Klein forms. They
are used in Section 3.
2.1. Orientability of Clifford–Klein forms. Let G be a Lie group, H a
closed subgroup of G, and Γ a discrete subgroup of G acting properly and
freely on G/H. The local system of orientation of Γ\G/H is isomorphic to
Γ\G×H R, where H acts on R via H → {±1}, h 7→ sgn detAdg/h(h). Thus,
Γ\G/H is orientable if H is connected.
2.2. Maximal compact subgroups of Lie groups. The following fact
is fundamental for the computation of cohomology of homogeneous spaces
and Clifford–Klein forms:
Fact 2.1 (Cartan–Malcev–Iwasawa–Mostow, [4, Ch. VII, Th. 1.2], [13,
Ch. XV, Th. 3.1]). Let G be a Lie group with finitely many connected com-
ponents. Then,
(1) Every compact subgroup of G is contained in some maximal compact
subgroup.
(2) Any two maximal compact subgroups of G are conjugate.
(3) Let K be a maximal compact subgroup of G. Then, there exists linear
subspaces V1, . . . , Vs of g such that
V1 × · · · × Vs ×K → G, (v1, . . . , vs, k) 7→ exp(v1) . . . exp(vs)k
is a diffeomorphism.
2.3. Cohomological dimensions of discontinuous groups. Recall that
the real cohomological dimension cdR(Γ) of a discrete group Γ is defined as
cdR(Γ) = sup{p ∈ N : Hp(Γ;V ) 6= 0 for some RΓ-module V }.
Let G be a connected Lie group, H a connected closed subgroup of G, and Γ
a torsion-free discrete subgroup of G acting properly (and therefore freely)
on G/H. We put
cdR(Γ;G/H) = sup{p ∈ N : Hp(Γ\G/H;V) 6= 0 for some RΓ-module V },
where V denotes the local system V ×Γ G/H on Γ\G/H. Remind that
cdR(Γ;G/K) = cdR(Γ), where K is a maximal compact subgroup of G,
because G/K is a classifying space of Γ by Fact 2.1.
Lemma 2.2. Let G, H and Γ be as above. Put N = dimG − dimH. Let
K and KH be maximal compact subgroups of G and H, respectively. Then,
(1) cdR(Γ;G/H) ≤ N ; equality is attained if and only if the Clifford–
Klein form Γ\G/H is compact.
(2) cdR(Γ;G/H) = cdR(Γ) + dimK − dimKH .
Proof. These are proved in [15, §5] when G/H is of reductive type. Our
proof is along the same line.
(1) Since the Clifford–Klein form Γ\G/H is orientable, the Poincare´ du-
ality for Γ\G/H is stated as:
Hp(Γ\G/H;V) ≃ HBMN−p(Γ\G/H;V),
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where the right-hand side is the Borel–Moore homology. This implies
cdR(Γ;G/H) ≤ N , with equality if and only if Γ\G/H is compact.
(2) Take any RΓ-module V . The Cartan–Leray spectral sequence [9,
Ch. XVI, §9] for the Γ-action on G/H is:
Ep,q2 = H
p(Γ;Hq(G/H;V ))⇒ Hp+q(Γ\G/H;V).
Since G is connected, its subgroup Γ acts trivially on Hq(G/H;R). The
E2-term of the spectral sequence is thus rewritten as:
Ep,q2 = H
p(Γ;V )⊗Hq(G/H;R).
Therefore, we have
cdR(Γ;G/H) = cdR(Γ) + sup{q ∈ N : Hq(G/H;R) 6= 0}.
Note that cdR(Γ) = cdR(Γ;G/K) <∞ by (1). On the other hand,
Lemma 2.3. The composition of an inclusion and a projection
π ◦ i : K/KH → G/KH → G/H
is a homotopy equivalence.
Proof. It directly follows from Fact 2.1 that the inclusion i is a homotopy
equivalence. The projection π is a fibre bundle whose typical fibre H/KH is
contractible again by Fact 2.1, hence a homotopy equivalence ([10, Cor. 3.2]).

Since K/KH is an orientable compact manifold, we obtain from
Lemma 2.3 that
sup{q ∈ N : Hq(G/H;R) 6= 0} = sup{q ∈ N : Hq(K/KH ;R) 6= 0}
= dimK − dimKH . 
2.4. A homomorphism η from relative Lie algebra cohomology to
de Rham cohomology. Let G be a Lie group, H a connected closed sub-
group of G, and Γ a discrete subgroup of G acting properly and freely on
G/H. We define η : H•(g, h;R)→ H•(Γ\G/H;R) to be the homomorphism
induced from the inclusion map
(Λ(g/h)∗)h ≃ Ω(G/H)G →֒ Ω(G/H)Γ ≃ Ω(Γ\G/H).
If a Clifford–Klein form Γ\G/H is compact,
η : HN (g, h;R)→ HN (Γ\G/H;R) (N = dimG− dimH)
is injective ([26, §3]). Indeed, if Φ ∈ (ΛN (g/h)∗)h is nonzero, then η([Φ]) ∈
HN (Γ\G/H;R) is a cohomology class of a volume form, hence nonzero.
3. Proof of Theorem 1.1
Suppose there were a discrete subgroup Γ of G such that Γ\G/H is a com-
pact Clifford–Klein form. Such Γ is always finitely generated ([15, Lem. 2.1]).
By Selberg’s lemma [34, Lem. 8], we can assume Γ is torsion-free without
loss of generality. We shall see that
η ◦ i : HN (g, h;R)→ HN (g, tH ;R)→ HN (Γ\G/TH ;R)
is a zero map and injective, which is impossible.
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Let C be any compact connected subgroup of G containing TH . Since Γ
is torsion-free, Γ\G/C is a Clifford–Klein form. By Lemma 2.2, we have
cdR(Γ;G/C) = cdR(Γ) + dimK − dimC
= cdR(Γ;G/H) + dimKH − dimC
= N + dimKH − dimC.
From the commutativity of the diagram
Hp(g, c;R)
i //
η

Hp(g, tH ;R)
η

Hp(Γ\G/C;R) pi∗ // Hp(Γ\G/TH ;R),
it follows that
η ◦ i : Hp(g, c;R)→ Hp(g, tH ;R)→ Hp(Γ\G/TH ;R)
is a zero map for p > N + dimKH − dimC. Therefore
I• ⊂ ker(η : H•(g, tH ;R)→ H•(Γ\G/TH ;R)).
In particular,
η ◦ i : HN (g, h;R)→ HN (g, tH ;R)→ HN (Γ\G/TH ;R)
is a zero map because im(i : HN (g, h;R)→ HN (g, tH ;R)) ⊂ IN .
Consider another commutative diagram
HN (g, h;R)
i //
η

HN (g, tH ;R)
η

HN (Γ\G/H;R) pi∗ // HN (Γ\G/KH ;R) pi
∗
// HN (Γ\G/TH ;R).
As we recalled in Subsection 2.4,
η : HN (g, h;R)→ HN (Γ\G/H;R)
is injective. On the other hand, the projections π : Γ\G/KH → Γ\G/H and
π : Γ\G/TH → Γ\G/KH are fibre bundles with typical fibres H/KH and
KH/TH , respectively. The induced homomorphism on cohomology
π∗ : HN (Γ\G/H;R)→ HN (Γ\G/KH ;R)
is isomorphic since H/KH is contractible (Fact 2.1), and
π∗ : HN (Γ\G/KH ;R)→ HN (Γ\G/TH ;R)
is injective by the splitting principle ([12, Th. 6.8.3]). Thus, the composition
map
η ◦ i : HN (g, h;R)→ HN (g, tH ;R)→ HN (Γ\G/TH ;R)
is injective. This completes the proof of Theorem 1.1. 
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4. A sufficient condition for Theorem 1.1 in the reductive case
4.1. Cartan’s theorem. We say that (g, h) is a real (resp. complex) re-
ductive pair if g is a real (resp. complex) reductive Lie algebra and h is a
real (resp. complex) subalgebra of g that is reductive in g. In this paper, we
say that a homogeneous space G/H is of reductive type if G is a connected
linear Lie group and H is a connected closed subgroup of G such that (g, h)
is a real reductive pair.
Relative Lie algebra cohomology of real or complex reductive pairs can
be easily computed by H. Cartan’s theorem [8]. Let us briefly recall the
statement of the theorem (see [11], [30] for details). Let (g, h) be a real or
complex reductive pair. Let Pg∗ =
⊕
n≥1 P
2n−1g∗ be the primitive sub-
space of (Λg∗)g ([11, Ch. V, §5]). The inclusion Pg∗ ⊂ (Λg∗)g induces an
isomorphism Λ(Pg∗) ≃ (Λg∗)g. Fix a transgression τ : P 2n−1g∗ → (Sng∗)g
in the Weil algebra of g ([11, Ch. VI, §4]). We introduce a grading on an
algebra (Sh∗)h ⊗ (Λg∗)g by
deg(Q⊗ α) = 2degQ+ degα (Q ∈ (Sh∗)h, α ∈ (Λg∗)g)
and define a differential δ on (Sh∗)h ⊗ (Λg∗)g by
δ(Q⊗ 1) = 0, δ(1 ⊗ α) = −τ(α)|h ⊗ 1 (Q ∈ (Sh∗)h, α ∈ Pg∗).
Cartan constructed a quasi-isomorphism of differential graded algebras (i.e.
a homomorphism that induces isomorphism on cohomology)
φ : ((Sh∗)h ⊗ (Λg∗)g, δ)→ ((Λ(g/h)∗)h, d)
([11, Ch. X, §2]). This φ is functorial in h, namely, a diagram
((Sh∗)h ⊗ (Λg∗)g, δ) φ //
rest⊗1

((Λ(g/h)∗)h, d)
i

((Sl∗)l ⊗ (Λg∗)g, δ) φ // ((Λ(g/l)∗)l, d)
commutes for any subalgebra l of h that is reductive in g, where rest :
(Sh∗)h → (Sl∗)l denotes the restriction map.
4.2. A sufficient condition for Theorem 1.1 in terms of invariants.
Proposition 4.1. A homogeneous space G/H of reductive type satisfies
the assumptions of Theorem 1.1 (and therefore does not admit a compact
Clifford–Klein form) if there exist a compact subgroup C of G and a homo-
morphism of graded algebras φ : (Sh∗
C
)hC → (Sc∗
C
)cC such that
(i) dimC > dimKH ,
(ii) C contains a maximal torus TH of KH , and
(iii) the diagram
(Sg∗
C
)gC
rest //
rest
%%❑
❑❑
❑❑
❑❑
❑❑
❑
(Sh∗
C
)hC
rest //
φ

S(tH)
∗
C
(Sc∗
C
)cC
rest
99tttttttttt
commutes.
COMPACT CLIFFORD–KLEIN FORMS 9
Proof. It suffices to see that im(i : HN (g, h;R) → HN (g, tH ;R)) ⊂ IN . By
(iii),
((Sh∗
C
)hC ⊗ (Λg∗
C
)gC , δ)
rest⊗1
//
φ⊗1

(S(tH)
∗
C
⊗ (Λg∗
C
)gC , δ)
((Sc∗
C
)cC ⊗ (Λg∗
C
)gC , δ)
rest⊗1
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
is a commutative diagram of differential graded algebras. The induced com-
mutative diagram on cohomology
H•(gC, hC;C)
i //
φ⊗1

H•(gC, (tH)C;C)
H•(gC, cC;C)
i
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
implies
im(i : HN (gC, hC;C)→ HN (gC, (tH)C;C))
⊂ im(i : HN (gC, cC;C)→ HN (gC, (tH)C;C)),
or equivalently,
im(i : HN (g, h;R)→ HN (g, tH ;R)) ⊂ im(i : HN (g, c;R)→ HN (g, tH ;R)),
while
im(i : HN (g, c;R)→ HN (g, tH ;R)) ⊂ IN
by (i). This completes the proof. 
5. The case of semisimple symmetric spaces
5.1. Semisimple symmetric pairs. Let g be a real semisimple Lie algebra
and σ an involution of g. Let h = gσ and q = g−σ be the fixed point sets
of σ and −σ, respectively. We call (g, h) a semisimple symmetric pair. We
say that (g, h) is irreducible if g is simple or (g, h) = (l ⊕ l,∆l) for some
real simple Lie algebra l. Every semisimple symmetric pair can be uniquely
written as a direct sum of irreducible ones.
Take a Cartan involution θ of g such that θσ = σθ. Put k = gθ and
p = g−θ. We have a direct sum decomposition g = k∩h⊕ k∩q⊕p∩h⊕p∩q.
Let a be a maximal abelian subspace of p ∩ q. For α ∈ a∗, we put
gα = {X ∈ g : [Y,X] = α(Y )X for any Y ∈ a}.
Then Σ = {α ∈ a∗ : gα 6= 0} r {0} satisfies the axioms of root system ([33,
Th. 5]). We call Σ the restricted root system of (g, h). If h = k, then Σ is
nothing but the restricted root system of the real semisimple Lie algebra g.
We fix a simple system Ψ of Σ and write Σ+ for the set of positive roots
with respect to Ψ.
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5.2. ε-families of semisimple symmetric pairs. Let us review the no-
tion of an ε-family of semisimple symmetric pairs, which was introduced by
Oshima–Sekiguchi [32]. A map ε : Σ→ {±1} is called a signature of Σ if it
satisfies
• ε(−α) = ε(α) for any α ∈ Σ, and
• ε(α)ε(β) = ε(α+ β) for any α, β ∈ Σ with α+ β ∈ Σ.
Given a signature ε of Σ, we define an involution σε of g by
σε(X) =
{
σ(X) (X ∈ zg(a)),
ε(α)σ(X) (X ∈ gα, α ∈ Σ).
We write hε = g
σε and qε = g
−σε . It is easily checked that σε commutes
with σ and θ, and a is a maximal abelian subspace of p ∩ qε. Thus, Σ
is also a restricted root system of the semisimple symmetric pair (g, hε).
The set F ((g, h)) = {(g, hε) : ε is a signature of Σ} is called an ε-family of
semisimple symmetric pairs ([32, §6]).
Let α ∈ Σ. Since the involution θσ leaves gα invariant, we have a direct
sum decomposition gα = g
+
α ⊕ g−α , where g±α are the eigenspaces of θσ with
eigenvalues ±1, respectively. Putm±(α; h) = dim g±α . Note thatm±(α; h) =
m±(−α; h). If ε is a signature of Σ, we have
m±(α; hε) =
{
m±(α; h) if ε(α) = 1,
m∓(α; h) if ε(α) = −1.
A semisimple symmetric pair (g, h) is said to be basic ifm+(α; h) ≥ m−(α; h)
for any α ∈ Σ with α/2 /∈ Σ ([32, Def. 6.4]). A typical example of a basic
pair is a Riemannian symmetric pair (g, k). For any ε-family F of semisimple
symmetric pairs, there exists a basic pair in F unique up to isomorphism
([32, Prop. 6.5]).
5.3. A characterization of the basic pairs. The following result should
be known to experts, but we give a proof for the sake of completeness.
Lemma 5.1. If a semisimple symmetric pair (g, h) is basic, an inequality
dim(k∩ h) ≥ dim(k∩ hε) holds for any signature ε of Σ. Equality is attained
if and only if (g, hε) is also basic.
Proof. There is a direct sum decomposition
k ∩ h = zg(a) ∩ k ∩ h⊕
⊕
α∈Σ+
{X + σ(X) : X ∈ g+α }.
Hence,
dim(k ∩ h) = dim(zg(a) ∩ k ∩ h) +
∑
α∈Σ+
m+(α; h).
Similarly,
dim(k ∩ hε) = dim(zg(a) ∩ k ∩ hε) +
∑
α∈Σ+
m+(α; hε)
= dim(zg(a) ∩ k ∩ h) +
∑
α∈Σ+,
ε(α)=1
m+(α; h) +
∑
α∈Σ+,
ε(α)=−1
m−(α; h).
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Notice that α/2 /∈ Σ if ε(α) = −1. Since (g, h) is basic, we have
dim(k ∩ h)− dim(k ∩ hε) =
∑
α∈Σ+,
ε(α)=−1
(m+(α; h) −m−(α; h)) ≥ 0.
If equality is attained, then m+(α; h) = m−(α; h) for any α ∈ Σ+ with
ε(α) = −1. This implies that m±(α; hε) = m±(α; h) for any α ∈ Σ, thus
(g, hε) is basic. Conversely, if (g, hε) is basic, equality is clearly attained. 
5.4. Half-signatures. We say that δ : Σ→ {±1,±√−1} is a half-signature
of Σ if it satisfies
• δ(−α) = δ(α)−1 for any α ∈ Σ, and
• δ(α)δ(β) = δ(α + β) for any α, β ∈ Σ with α+ β ∈ Σ.
We remark that any map Ψ → {±1,±√−1} (resp. Ψ → {±1}) is uniquely
extended to a half-signature (resp. signature) of Σ. Hence, for each signature
ε of Σ, there exist 2r half-signatures δ such that δ2 = ε (r = dim a). Given
a half-signature δ of Σ, we define an automorphism fδ of gC by
fδ(X) =
{
X (X ∈ (zg(a))C),
δ(α)X (X ∈ (gα)C, α ∈ Σ),
and put gδ = {X ∈ g : fδ(X) = X}.
Lemma 5.2 (cf. [31, Lem. 1.3]). Let ε be a signature of Σ and δ a half-
signature of Σ such that δ2 = ε. Then,
(1) fδ(hC) = (hε)C.
(2) h ∩ gδ = hε ∩ gδ.
Proof. These immediately follows from
h = zg(a) ∩ h⊕
⊕
α∈Σ+
{X + σ(X) : X ∈ gα},
hε = zg(a) ∩ h⊕
⊕
α∈Σ+,
ε(α)=1
{X + σ(X) : X ∈ gα} ⊕
⊕
α∈Σ+,
ε(α)=−1
{X − σ(X) : X ∈ gα},
gδ = zg(a) ⊕
⊕
α∈Σ+,
δ(α)=1
{X + σ(Y ) : X,Y ∈ gα}. 
5.5. Semisimple symmetric spaces. Let G be a connected real linear
semisimple Lie group whose Lie algebra is g. Suppose that the involution θ
of g lifts to G, and letH be an open subgroup of Gθ. The homogeneous space
G/H is called a semisimple symmetric space associated with the semisimple
symmetric pair (g, h). Let θ be a Cartan involution of G such that θσ = σθ.
Then K = Gθ and KH = K ∩ H are maximal compact subgroups of G
and H, respectively. Let ε be a signature of the restricted root system Σ of
(g, h). The involution σε of g lifts to G ([36, Lem. 1.6]). Let Hε be an open
subgroup of Gσε . Then KHε = K ∩Hε is a maximal compact subgroup of
Hε.
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5.6. A sufficient condition for Proposition 4.1 in terms of ε-families.
Now, we can prove:
Proposition 5.3. Let G/H a semisimple symmetric space such that (g, h)
is basic. Let ε be a signature of Σ such that (g, hε) is not basic. Let δ be
a half-signature of Σ such that δ2 = ε. If rank(k ∩ hε) = rank(k ∩ hε ∩ gδ),
then G/Hε satisfies the assumptions of Proposition 4.1 (and therefore does
not admit a compact Clifford–Klein form).
Proof. Let
(fδ|hC)∗ : (S(hε)∗C)(hε)C
∼−→ (Sh∗C)hC
be the isomorphism induced by fδ|hC : hC ∼−→ (hε)C (Lemma 5.2 (1)). Take
a maximal torus THε of K ∩Hε such that tHε ⊂ k ∩ hε ∩ gδ, which exists by
the rank assumption. By Lemma 5.2 (2), we have THε ⊂ K ∩H. Consider
the following diagram:
(S(hε)
∗
C
)(hε)C
rest
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
(fδ |hC)
∗

(Sg∗
C
)gC
rest
77♦♦♦♦♦♦♦♦♦♦♦♦
rest ''❖❖
❖❖
❖❖
❖❖
❖❖
❖
(Sh∗
C
)hC
rest

S(tHε)
∗
C
(S(k ∩ h)∗
C
)(k∩h)C
rest
77♦♦♦♦♦♦♦♦♦♦♦
The right-hand side triangle clearly commutes since fδ|(tHε )C is the identity
map of (tHε)C. Take a Cartan subalgebra j of g containing a. The restriction
map rest : (Sg∗
C
)gC → Sj∗
C
is injective by Chevalley’s restriction theorem ([6,
Ch. VIII, §8, no. 3, Th. 1]), while fδ|jC is the identity map of jC. This shows
that f∗δ : (Sg
∗
C
)gC
∼−→ (Sg∗
C
)gC is the identity map, and therefore the left-hand
side triangle commutes. We conclude by Lemma 5.1 that G/Hε satisfies the
assumptions of Proposition 4.1. 
6. Examples
6.1. Nonbasic semisimple symmetric spaces of type (C,R). Let us
consider a semisimple symmetric pair (g, h) such that g is a complex semisim-
ple Lie algebra and h its real form (this case is called “type (C,R)” in [32]).
Let ε be a signature of a restricted root system Σ of (g, h) and δ any half-
signature such that δ2 = ε. It is easy to check that hε is a real form of g. In
this case,
√−1a is a maximal abelian subspace of k∩ hε =
√−1p∩ qε and is
contained in k∩ hε ∩ gδ. This implies rank(k∩ hε) = rank(k∩ hε ∩ gδ). From
Proposition 5.3, we conclude:
Corollary 6.1. Let G be a connected complex semisimple Lie group and H
its real form. If the semisimple symmetric pair (g, h) is not basic, G/H does
not admit a compact Clifford–Klein form.
For the reader’s convenience, we list in Table 2 the nonbasic pair (g, h)
such that g is a simple complex Lie algebra and h its real form (cf. [32,
§§1, 6]). The sign ⋆ in Table 2 signifies that the nonexistence of a compact
Clifford–Klein form seems to be a new result.
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g h Conditions
sl(2n,C) sl(2n,R) n ≥ 1
⋆ sl(p + q,C) su(p, q) p, q ≥ 1
⋆ so(p + q,C) so(p, q) p, q ≥ 2, (p, q) 6= (2, 2)
⋆ so(2n + 1,C) so(2n, 1) n ≥ 1
⋆ so(2n,C) so∗(2n) n ≥ 3
sp(n,C) sp(n,R) n ≥ 1
⋆ sp(p + q,C) sp(p, q) p, q ≥ 1
e6,C e6(6) —
e6,C e6(2) —
⋆ e6,C e6(−14) —
e7,C e7(7) —
⋆ e7,C e7(−5) —
⋆ e7,C e7(−25) —
e8,C e8(8) —
⋆ e8,C e8(−24) —
f4,C f4(4) —
⋆ f4,C f4(−20) —
g2,C g2(2) —
Table 2. Irreducible symmetric pairs (g, h) to which Corol-
lary 6.1 is applicable
6.2. Half-signatures arising from hyperbolic elements. Let (g, h) be
a semisimple symmetric pair. As before, let σ be an involution of g corre-
sponding to h and θ a Cartan involution of g commuting with σ. We define
ha = gσθ (= k ∩ h⊕ p ∩ q) and qa = g−σθ (= k ∩ q⊕ p ∩ h). The semisimple
symmetric pair (g, ha) is called the associated pair of (g, h).
Corollary 6.2. A semisimple symmetric space G/H does not admit a com-
pact Clifford–Klein form if ha = zg(X0) for some X0 ∈ pr {0}.
Proof. Let a be a maximal abelian subspace of p containing X0 and Σ the
restricted root system of g with respect to a. We have a direct sum decom-
position qa = qa+ ⊕ qa−, where
qa+ =
⊕
α∈Σ,
α(X0)>0
gα, q
a
− =
⊕
α∈Σ,
α(X0)<0
gα.
It is easily checked that [qa+, q
a
+] = [q
a
−, q
a
−] = 0, [q
a
+, q
a
−] ⊂ ha. Hence, a
map
δ : Σ→ {±1,±√−1}, α 7→


0 if α(X0) = 0,√−1 if α(X0) > 0,
−√−1 if α(X0) < 0.
is a half-signature of Σ. Put ε = δ2. By construction, we have h = kε and
ha = gδ. Thus k ∩ kε = k ∩ kε ∩ gδ = k ∩ h. Now, Corollary 6.2 follows from
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Proposition 5.3 if we could prove that (g, h) is not basic. If (g, h) is basic, i.e.
h is isomorphic to k, then σ and θ are two commuting Cartan involutions of
g, hence σ = θ ([14, Proof of Cor. 6.19]). Then g = ha = zg(X0), which is
absurd. 
For the reader’s convenience, we list in Table 3 the irreducible symmetric
pairs (g, h) such that ha = zg(X0) for some X0 ∈ pr {0} (cf. [32, §1]). The
sign ⋆ in Table 3 signifies that the nonexistence of a compact Clifford–Klein
form seems to be a new result. We remark that some examples such as
(sl(p+ q,C), su(p, q)) (p, q ≥ 1) appear in both Table 2 and Table 3.
g h Conditions
⋆ sl(p + q,C) su(p, q) p, q ≥ 1
⋆ sl(p + q,R) so(p, q) p, q ≥ 1
⋆ sl(p + q,H) sp(p, q) p, q ≥ 1
su(n, n) sl(n,C)⊕R n ≥ 1
⋆ so(n+ 2,C) so(n, 2) n ≥ 3
⋆ so(2n,C) so∗(2n) n ≥ 3
so(p+ 1, q + 1) so(p, 1) ⊕ so(1, q) p, q ≥ 0, (p, q) 6= (0, 0), (1, 1)
so(n, n) so(n,C) n ≥ 3
so∗(4n) sl(n,H)⊕ R n ≥ 2
sp(n,C) sp(n,R) n ≥ 1
sp(n,R) sl(n,R)⊕R n ≥ 1
sp(n, n) sp(n,C) n ≥ 1
⋆ e6,C e6(−14) —
⋆ e6(6) sp(2, 2) —
e6(−26) f4(−20) —
⋆ e7,C e7(−25) —
e7(7) sl(4,H) —
e7(−25) e6(−26) ⊕ R —
Table 3. Irreducible symmetric pairs to which Corollary 6.2
is applicable
6.3. Examples obtained by direct computations. In Subsections 6.1
and 6.2, we systematically constructed examples of a homogeneous space
that does not admit a compact Clifford–Klein form using Proposition 5.3.
In this subsection, we shall give some examples via direct verification of
Proposition 4.1.
To fix notations, we give explicit generators of (Skg∗
C
)gC for gC = sl(n,C)
and so(n,C). Define invariant polynomials fk ∈ (Sk(gl(n,C)∗))gl(n,C) (k =
1, 2, . . . , n) on the Lie algebra gl(n,C) by
det(λIn−X) = λn+f1(X)λn−1+f2(X)λn−2+ · · ·+fn(X) (X ∈ gl(n,C)).
For the convenience, we put f0 = 1 and fk = 0 for k < 0 and k > n. We
use the same notation fk for the restriction of fk to sl(n,C) or to so(n,C).
Then,
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Fact 6.3 ([6, Ch. VIII, §13]). (1) The n−1 elements f2, f3, . . . , fn gen-
erate the algebra (S(sl(n,C)∗))sl(n,C) and are algebraically indepen-
dent. We have f1 = 0.
(2) If n = 2m + 1, the m elements f2, f4, . . . , f2m generate the alge-
bra (S(so(n,C)∗))so(n,C) and are algebraically independent. We have
f1 = f3 = · · · = f2m+1 = 0.
(3) If n = 2m, the m elements f2, f4, . . . , f2m−2, f˜ generate the alge-
bra (S(so(n,C)∗))so(n,C) and are algebraically independent, where
f˜ ∈ (Sm(so(n,C)∗))so(n,C) is the Pfaffian of n × n skew-symmeric
matrices. We have f1 = f3 = · · · = f2m−1 = 0 and f2m = f˜2.
Corollary 6.4. A homogeneous space
SO0(p + r, q)/SO0(p, q) (p, q, r ≥ 1, q : odd)
does not admit a compact Clifford–Klein form.
Proof. Put G = SO0(p + r, q) and H = SO0(p, q). When p is odd, this has
been already proved ([25, Cor. 1.6 (4)]). Let p be even. Take a compact
subgroup C of G to be
C = SO(p+ 1)× SO(q) ⊂ SO0(p+ r, q) = G
and define a homomorphism
φ : (Sh∗C)
hC = (S(so(p+ q,C)∗))so(p+q,C)
→ (S(so(p+ 1,C)∗))so(p+1,C) ⊗ (S(so(q,C)∗))so(q,C) = (Sc∗C)cC
by
φ(f2k) =
∑
i+j=k
f2i ⊗ f2j (1 ≤ k ≤ p+ q − 1
2
).
Then C and φ satisfy the assumptions of Proposition 4.1. 
Corollary 6.5. An irreducible symmetric space
SO0(p + r, q)/(SO0(p, q)× SO(r)) (p, q, r ≥ 1, q : odd)
does not admit a compact Clifford–Klein form.
Proof. This is immediate from Corollary 6.4 since SO(r) is compact. 
Corollary 6.6. A homogeneous space
SL(n,R)/SL(m,R) (n > m ≥ 2, m : even)
does not admit a compact Clifford–Klein form.
Proof. Put G = SL(n,R) and H = SL(m,R). Take a compact subgroup C
of G to be
C = SO(m+ 1) ⊂ SL(n,R) = G
and define a homomorphism
φ : (Sh∗C)
hC = (S(sl(m,C)∗))sl(m,C) → (S(so(m+1,C)∗))so(m+1,C) = (Sc∗C)cC
by φ(fk) = fk (2 ≤ fk ≤ m). Then C and φ satisfy the assumptions of
Proposition 4.1. 
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6.4. Enlargement of Lie groups. The following lemma provides some
other examples of a homogeneous space without compact Clifford–Klein
forms.
Lemma 6.7. Let G/H be a homogeneous space of reductive type satisfying
the assumptions of Proposition 4.1. Let G˜ be a Lie group containing G as
a closed subgroup. Let L be a closed subgroup of G˜ such that G ∩ L = {1},
L ⊂ ZG˜(G) and G˜/(H ×L) is a homogeneous space of reductive type. Then
G˜/(H × L) satisfies the assumptions of Proposition 4.1 (and therefore does
not admit a compact Clifford–Klein form).
Proof. Let C be a compact subgroup of G and φ : (Sh∗
C
)hC → (Sc∗
C
)cC
a homomorphism of graded algebras satisfying the conditions (i)–(iii) of
Proposition 4.1. Let KL be a maximal compact subgroup of L and
rest : (Sl∗C)
lC → (S(kL)∗C)(kL)C
denote the restriction map. Let C˜ = C ×KL and
φ˜ : (S(h⊕ l)∗C)(h⊕l)C = (Sh∗C)hC ⊗ (Sl∗C)lC
φ⊗rest−−−−→ (Sc∗C)cC ⊗ (S(kL)∗C)(kL)C = (S(c⊕ kL)∗C)(c⊕kL)C .
Then C˜ and φ˜ satisfy the conditions (i)–(iii) with respect to G˜/(H×L). 
For instance,
SL(p1 + · · ·+ pn + q,R)/(SL(p1,R)× · · · × SL(pn,R))
(n ≥ 1, p1, . . . , pn ≥ 2,
∏
i
pi : even, q ≥ 1)
does not admit a compact Clifford–Klein form by Lemma 6.7 and the proof
of Corollary 6.6.
6.5. Relation with an earlier result. We proved in [26] the following
result:
Fact 6.8 ([26, Th. 1.2 (2)]). Let G be a Lie group and H its closed subgroup
with finitely many connected components. Let KH be a maximal compact
subgroup of H. If the homomorphism
i : HN (g, h;R)→ HN (g, kH ;R) (N = dimG− dimH)
is not injective, there is no compact manifold locally modelled on G/H.
If the homomorphism i : HN (g, h;R)→ HN (g, kH ;R) is not injective,
im(i : HN (g, h;R)→ HN (g, tH ;R)) ⊂ IN
trivially holds. Thus Theorem 1.1 yields the following corollary, which is
slightly weaker than Fact 6.8:
Corollary 6.9. Let G be a connected linear Lie group and H its connected
closed subgroup. Let KH be a maximal compact subgroup of H. If the ho-
momorphism
i : HN (g, h;R)→ HN (g, kH ;R) (N = dimG− dimH)
is not injective, G/H does not admit a compact Clifford–Klein form.
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Remark 6.10. Recall from [25, §4] that i : HN (g, h;R) → HN (g, tH ;R)
is injective if and only if so is i : HN (g, h;R) → HN (g, kH ;R), for
i : H•(g, kH ;R) → H•(g, tH ;R) is always injective by a variant of the split-
ting principle ([12, Th. 6.8.2]).
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